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1. LIMITS AND CONTINUITY
1.1 Preliminaries

Definition 1.1 A pointon R"

Let D € R™ Any ordered n —tuple x = (xq,x,, -, x;,) of real numbersin D iscalled a ‘point’ in
D.

For example (1,—1) is a pointon R? and (1,0,7) is a pointon R3.

Definition 1.2  Open and Closed Balls
Open ball of radius r centered at a € R™ is defined as

B.(a) = {xeR"[[lx—al <r}.

- N

——

The set of all points
B(a) ={x eR"[|x—al <7}
is called the closed ball of radius r centered at a.

For example, let a = (a,b) € R%. Anopen ball in R? centered at a has the form

B,(a) = {x e R?||x — a| < 7}
={(x,y) ER?: (x—a)?>+ (y—b)* <r?}

Example 1.1 Find each of the following:
Q) Open ball centered at 2 and radius 3 in R.
(ii)  Open ball centered at (2,—1) and radius 1 in R?.
(iii)  Unit closed ball centered at the origin in R3.

Definition 1.3 Limit Points of a set
A point a is called a limit point of the set D if and only if every open balls centered at a contain
some points of D other than a.

That s,
D n(B:(a)\{a}) # ®
for any arbitrary small r > 0.
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Example 1.2 Find the set of all limit points of the open interval I = (a, b).
Proposition 1.1 A finite set of points has no limit points.

Example 1.3 Consider the set D = {a, b, c}, where a = (1,3),b = (2,1),c = (4,—1). Show that
D has no limit points.

Proposition 1.2  Every points of R™ is a limit point of R".
Example 1.4 Every points of R? is a limit point of RZ.

Definition 1.4 Functions of several variables

Let D € R"™ A function f:D — R™ of n — variables is a rule that assigns each point x =
(x1,%2,+, %) € Dtoapoint y = (¥1,2,+, ¥m) € R™, denoted by f(x) = y.Here D is called
the domain of the function f and the set of all points that f takes on R™ is called the range
of f.Thatis, rangeof f ={f(x)|x€D}.

When m = 1, the function is called single valued function; otherwise, it is called multivalued
or vector (valued) functions.

When n =1, f(x) is a function of single variable; otherwise, it is a function of several
variables.

Example 1.5 Find the natural domain and range of the each of the following functions:
() fy)=x*+y% () gy =xIn(y?—x), (i) h(x,y,2) =/9 —x2 — y2 — 22,

EXERCICES 1

1. Find the set of all limit points of the open ball B,(a) in R™.
What is the set of all limit points of the interval [a, b).

2. Find the all limit points of the set D = { (%%) :mneE N}.

1.2 Limit of a function

Definition 1.5 The limit point of a function

Let a be alimit point of D (€ R™). Then, we say that the function f:D — R™ converges to
apoint [ € R™ (or [ isthelimitof f at a)if and only if for each & > 0, there existsa § > 0
such that

0<[lx-all<s (orxeBs(a) = [Flx)-1l<e

Example 1.6 Show that
. 3x%y
lim ————
(xy)—(0,0) x2 + y?
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Example 1.7 Show that lim (x* +xy +y?%) = 3.

P (xJ/)—>(1.1)( y+y

Remark: Most of the theorems and rules we had for function of single variable can be
extended for functions of several variables.

1.3  Techniques of finding limits:
1.3.1 Use of Squeeze Lemma

Lemmall If f(x), g(x), h(x) are functions such that
lim f(x) = lim A(x) = L

x—a x—a

then, Dl_cl_rg g(x) exists and Q—r}é g(x) =1L

Example 1.8 Show that
. 3x*y
lim ———
(x,y)—(0,0) x2 + y?

x?sin?y

lim -
(x,¥)—(0,0) x°+2Yy

Example 1.9 Evaluate

Example 1.10  Evaluate  lim sinxsin (L)
(x,¥)—(0,0) x+y

1.3.2 Use of Polar Coordinates
Let x =rcos@, y =rsinf.sinf Then, (x,y) — (0,0) implies that r — 0.
3x%y

Example 1.11  Evaluate lim ——.
(x¥)—(0,0) ¥*+y

Example 1.12  Evaluate lim Coty—3)

() —(1,2) -1 +(y—2)%

Examples on Functions of three or more variables.

(x2+y?)(2%+t?)
Example 1.13  Evaluate oy 0.000) iy i)

Example 1.14  Evaluate lim tan(y — xz) cos (

1
(x,3,2,)—(1,0,0,) (x—1)y+z2)'

1.3.3 To Show Limit Does Not Exist

Lemma1.2 If lim f(x) =1 exists, then
x—a
(i) its value [ is unique, and

(ii) ! isindependent of the choice of any path approaching a.
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We use this fact to show that the limit of a function does not exist. i.e. if the limit of a function

along two different Paths are not equal, then lim f(x) does not exist.
x—a

Example 1.15  Find the limit or show that the limit does not exists:
im XY
()00 xZ + y?

Example 1.16  Find the limit or show that the limit does not exists:
: Xy
lim ———.
(xy)—(0,0) X2 + y?

Example 1.17  Find the limit or show that the limit does not exists:

im Y
(x, y)—>(0 0) x* + y?

14  Repeated (Iterated) limits

Definition 1.6  Let the function f(x,y) is defined in the neighborhood of (a, b). Then the

limit limb (lim f(x, y)), if exist, is said to be repeated limits of f as x — a, y — b.
y—b \x—a

Remarks:
i Ingeneral, lim ( lim £ (x, y)) # lim ( lim £ (x y)).

ii. If f(x,y) exists, then , llm (hm f(x, y)) = hm (lim f(x, y)). But the
(x, J/)—>(a b) y—b

converse is not true.

iii. If lim (lim f(x, y)) # lim (lim f(x, y)) then 11m f (x,y) does not exist.
y—b \x—a x—a \y—b xy)—

Example 1.18  Show that iterated limits exist but simultaneous limit does not exist for the

function
_y
2+ y?

fGy) = 75 D=R\{(0,0)}.

Example 1.19  Show that iterated limits exist but simultaneous limit does not exist for the
function
1, xy # O_

fen =l olo

D =R\ {(0,0)}.

Example 1.20  Verify that if iterated limits exist and equal and simultaneous limit exists,

then they are equal to each other.
2

3
fooy) = #ﬁz; D =R\ {(0,0)}.
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Example 1.21  Find the iterated limits and simultaneous limit:

1
xsin|—]), xy#0
f(x,y): (y) y .
0, xy=20

Example 1.22  Find the iterated limits and simultaneous limit:
(1 (1
x sin (;) + y sin (;), Xy + 0.
0, xy =20

floy) =

1.5 Continuity of a function

Definition 1.7 The function f:D - R; D € R? is said to be continuous at a point (a, b) €
D if and only if for each € > 0, there exists &§(¢) >0 such that [f(x,y)—f(a,b)|<¢

whenever \/(x —a)’+ (y—b)?<é.

That is, The function f is continuous at (a, b) if and only if

f(x,y) = f(a,b).

(x Y) (a b)

A point (a, b) is said to be the point discontinuity if the function f is not continuous at (a, b).

Example 1.23  Discuss the continuity of each of the following function:

i fl,y) =

1+x+y

7y
1+x2+y?’

(i) gl,y) =

(i) h(xy) = 22X

SlI’lTL’X

Example 1.24  Discuss the continuity of the following function

x2 —y?
—, ,¥) # (0,0
flry) ={x2 +y2 (x,¥) # ( )
0, (x,y) = (0,0)
Example 1.25 Investigate continuity of f(x,y):
3xy
—— () #(0,0)
fO,y) =1x% +y2 :
0, (x,y) = (0,0)
Example 1.26  Investigate continuity of f(x,y):
sin?(x —y)
—), (,y)# (0,0
fooy)={ T+ B F OO0
0, (x,y) = (0,0)
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