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5. System of Linear Equations 

Consider a system of such  𝑛  linear equations in  𝑛  variables 

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1 

𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑏2 

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 

𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + ⋯ + 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛. 

This can be written in matrix form as 

(

𝑎11 𝑎12

𝑎21 𝑎22

⋯ 𝑎1𝑛

⋯ 𝑎2𝑛

⋮ ⋮
𝑎𝑛1 𝑎𝑛2

⋮ ⋮
⋯ 𝑎𝑛𝑛

) (

𝑥1

𝑥2

⋮
𝑥𝑛

) = (

𝑏1

𝑏2

⋮
𝑏𝑛

). 

By denoting the coefficient matrix  𝐴 = (𝑎𝑖𝑗), 𝑋 = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛)𝑇   and  𝑏 = (𝑏1, 𝑏2, ⋯ , 𝑏𝑛)𝑇, 

we can written the system as 

𝐴𝑋 = 𝑏. 
 

Definition 5.1 By solution of the system, we mean a sequence of scalar values  𝑥1 =

𝑐1,  𝑥2 = 𝑐2, ⋯ ,  𝑥𝑛 = 𝑐𝑛  satisfying all equations of the system.  

If a solution does exist, the system is said to be consistent.  

A system which has no solution is called inconsistent. 

To solve a system of linear equation  𝐴𝑋 = 𝑏: 

𝐴−1(𝐴𝑋) = 𝐴−1𝑏 

⟹      𝑋 = 𝐴−1𝑏. 

Example 5.1   Solve the system of equations   

𝑥 + 2𝑦 + 3𝑧 = 18, 2𝑥 + 3𝑦 + 𝑧 = 13, 3𝑥 + 2𝑦 + 𝑧 = 6. 

Theorem 5.1 Cramer’s Rule 

Let  𝐴𝑋 = 𝑏  be a system of linear equations in  𝑛  variables. suppose that the coefficient 
matrix  𝐴  is invertible. Then, the solution of the system is given by 

𝑥𝑗 =
det(𝐴𝑗)

det(𝐴)
, 𝑗 = 1, 2, ⋯ , 𝑛 

where  𝐴𝑗  is the matrix formed by replacing  𝑗𝑡ℎ  column of  A  with  𝑏. 

 
Example 5.2 Solve the following system equation by Cramer’s rule: 

2𝑥 + 𝑦 + 𝑧 = 6, 3𝑥 + 2𝑦 − 2𝑧 = −2, 𝑥 + 𝑦 + 2𝑧 = 4. 
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EXERCISES 

1. Verify that if  𝐴 = (
7 2 1
0 3 −1

−3 4 −2
), then  𝐴−1 = (

−2 8 −5
3 −11 7
9 −34 21

). 

 Solve the system 

7𝑥 + 2𝑦 + 𝑧 = 8, 

3𝑦 − 𝑧 = −1, 

−3𝑥 + 4𝑦 − 2𝑧 = −5. 

 

2. Compute the inverse of the matrix  (
1 4 3

−1 −2 0
2 2 3

). 

  Hence solve the system of linear equations 

𝑥 + 4𝑦 + 3𝑧 = 12, 

−𝑥 − 2𝑦 = −12, 

2𝑥 + 2𝑦 + 3𝑧 = 8. 

 

3. Compute the inverse of the matrix  (
1 0 1
3 3 4
2 2 3

). 

  Hence solve the system of linear equations 

𝑥 + 3𝑧 = 1, 

3𝑥 + 3𝑦 + 4𝑧 = 12, 

2𝑥 + 2𝑦 + 3𝑧 = 1. 

 
4.  Use Cramer’s Rule to solve 

𝑥 + 2𝑦 + 𝑧 = 5, 

2𝑥 + 2𝑦 + 4𝑧 = 6, 

𝑥 + 2𝑦 + 3𝑧 = 9. 

 

5.  Use Cramer’s Rule to solve 

2𝑥 + 𝑦 − 3𝑧 = 0, 

4𝑥 + 5𝑦 + 𝑧 = 8, 

−2𝑥 − 𝑦 + 4𝑧 = 2. 

 


