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5 IMPLICIT AND INVERSE FUNCTION THEOREMS 

5.1 Introduction to Implicit Function Theorems 

An equation of the form  𝐹(𝑥, 𝑦)  does not necessarily represents a unique function. For example, let 

us consider the equation   𝐹(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 1 = 0, 𝑥 ∈ [−1, 1]. Solving for  𝑦, we obtain 

𝑦 = ±√1 − 𝑥2. 

That is, for one value of  𝑥, we get two values of 𝑦. So that is not a function. 

 

A natural question arises in the study if implicit function is under which condition(s) the implicit 

function 𝐹(𝑥, 𝑦) = 0 can be locally expressed explicitly in the form 𝑦 = 𝑓(𝑥). This leads to the study 

of implicit function theorem. 

 

5.2 Implicit function theorem for two variables 

Let 𝐹 be a real valued continuous function defined on some neighborhood 𝑁 of the points(𝑎, 𝑏). If 

(i) 𝐹(𝑎, 𝑏) = 0, 

(ii) 
𝜕𝐹

𝜕𝑦
 exists and is continuous on 𝑁, and 

(iii) 
𝜕𝐹

𝜕𝑦
(𝑎, 𝑏) ≠ 0,  

then there exists a unique function 𝑔 defined on some neighborhood 𝑁𝑎 of 𝑎 such that  

(i) 𝑔(𝑎) = 𝑏 

(ii) 𝐹(𝑥, 𝑔(𝑥)) = 0 for each 𝑥 ∈ 𝑁𝑎 , and  

(iii) 𝑔 is continuous. 

More over if  
𝜕𝐹

𝜕𝑥
 also exists and is continuous on 𝑁 then, 𝑔 is continuously differentiable on 𝑁𝑎 and 𝑔′ 

is giving by  

𝑔′(𝑡) =

𝜕
𝜕𝑥

𝐹(𝑡, 𝑔(𝑡))

𝜕
𝜕𝑦

𝐹(𝑡, 𝑔(𝑡))
;   𝑡 ∈ 𝑁𝑎 

 

Example 5.1 Verify the implicit function theorem for the equation    𝐹(𝑥, 𝑦) = 𝑥𝑦 + 𝑥2 = 0. 
 

Example 5.2 Show that there exists a continuously differentiable function 𝑔 defined by the equation 

𝐹(𝑥, 𝑦) = 𝑥3 + 𝑦3 − 3𝑥𝑦 − 4 = 0 in a neighborhood 𝑥 = 2 such that 𝑔(2) = 2 and also find its 

derivative. 

 

5.3 Implicit function theorem for 3 variables 
 

Let   𝐹(𝑥, 𝑦, 𝑧) be a real valued continuous function of three variables defined on some neighborhood  

𝑁  of a point 𝑃0(𝑥0, 𝑦0, 𝑧0) in ℝ3. If  

(𝑖)      𝐹(𝑃0) = 0, 

(𝑖𝑖)    𝐹 is continuously differentiable on 𝑁, and 

(𝑖𝑖𝑖)  
𝜕𝐹

𝜕𝑧
(𝑃0) ≠ 0 or the Jacobian 
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|

|

𝜕𝑥

𝜕𝑥

𝜕𝑥

𝜕𝑦

𝜕𝑥

𝜕𝑧
𝜕𝑦

𝜕𝑥

𝜕𝑦

𝜕𝑦

𝜕𝑦

𝜕𝑧
𝜕𝐹

𝜕𝑥

𝜕𝐹

𝜕𝑦

𝜕𝐹

𝜕𝑧

|

|

= |

1 0 0
0 1 0

𝜕𝐹

𝜕𝑥

𝜕𝐹

𝜕𝑦

𝜕𝐹

𝜕𝑧

| =
𝜕𝐹(𝑥, 𝑦, 𝑧)

𝜕𝑧
≠ 0 

then, there exists a unique function 𝑔 in a nbhd 𝑁0 of (𝑥0, 𝑦0) in  ℝ2  such that  

(𝑖)   𝑔(𝑥0, 𝑦0) = 𝑧0 and  

(𝑖𝑖)  𝐹(𝑥, 𝑦, 𝑔(𝑥, 𝑦)) = 0  for (𝑥, 𝑦) ∈ 𝑁0. 

 

Example 5.3 Consider a function 𝑓: ℝ3 → ℝ ,     𝐹(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2 − 1. Decide whether the 

equation 𝐹(𝑥, 𝑦, 𝑧) = 0 defines a unique function 𝑔 in a nbhd of (
1

2
,

1

2
) such that  

(
1

2
,

1

2
) = −

1

√2
 . 

 

Example 5.4 Let 𝑓(𝑥, 𝑦, 𝑧) be a continuously differentiable function of one variable such that 𝑓(1) =

0. Find the conditions 𝐹(𝑥, 𝑦, 𝑧) = 𝑓(𝑥𝑦) + 𝑓(𝑦𝑧) can be solved for 𝑧 in a neighborhood of (1,1,1). 

 

 

5.4 Implicit Functions theorem 
 

Let 𝐹1(𝑥, 𝑢), 𝐹2(𝑥, 𝑢), … . , 𝐹𝑚(𝑥, 𝑢) be 𝑚 functions of 𝑛 + 𝑚 variables, where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) ∈

ℝ𝑛 and     𝑢 = (𝑢1, 𝑢2, … , 𝑢𝑚) ∈ ℝ𝑚  defined in a neighborhood 𝑁 of the point (𝑎, 𝑢) with 𝑎 =

(𝑎1, 𝑎2, … , 𝑎𝑛) ∈ ℝ𝑛 such that  

(𝑖)    𝐹(𝑎, 𝑢) = 0, 

(𝑖𝑖)   𝐹𝑗 is continuously differentiable for each ; 1 ≤ 𝑗 ≤ 𝑚, 

(𝑖𝑖𝑖) The Jacobian 
𝜕(𝐹1,𝐹2,…,𝐹𝑚)

𝜕(𝑢1,𝑢2,..,𝑢𝑚)
≠ 0, at the point (𝑎, 𝑢) ∈ ℝ𝑛+𝑚. 

 

Then, there exist exactly 𝑚 functions 𝑔𝑖 of 𝑛 variables such that each 𝑔𝑖 is defined in the neighborhood 

𝑆 of 𝑎 and  

(𝑖)     𝑔𝑖(𝑎1, 𝑎2, … , 𝑎𝑛) = (𝑢1, 𝑢2, . . , 𝑢𝑚)  ; 1 ≤ 𝑖 ≤ 𝑚,. 

(𝑖𝑖)   𝐹(𝑥1, 𝑥2, … , 𝑥𝑛, 𝑔1, 𝑔2, … , 𝑔𝑚) = 0 for each (𝑥1, 𝑥2, … , 𝑥𝑛) ∈ 𝑆, and 

(𝑖𝑖𝑖)  Each 𝑔𝑖 is continuously differentiable. 

  

Theorem: Suppose that 𝑢 = 𝑓(𝑥, 𝑦) and 𝑣 = 𝑔(𝑥, 𝑦) are real valued continuously differentiable 

function defined in some open sphere 𝑆. If the Jacobian  
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= 0  for each  (𝑥, 𝑦) ∈ 𝑆, then 𝑢  and 𝑣 

are functionally dependent. 

 

Example 5.5 Show that there is a functional relationship between 𝑢 = 2 ln 𝑥 + ln 𝑦, 𝑣 =

𝑒𝑥√𝑦 ; 𝑥, 𝑦 > 0 and determine it. 

 

Remark: 

(i) The hypothesis 
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= 0 on an open sphere in the above theorem is necessary as well. 
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Illustrative Example 

Suppose that  𝑢 = 𝑥3, 𝑣 = 𝑦3. It is clear that 𝑢   and   𝑣 are functionally independent. So,  

        We need Jacobian not equal zero. 

          
𝜕(𝑢,𝑣)

𝜕(𝑥,𝑦)
= |

3𝑥2 0
0 3𝑦2| = 9𝑥2𝑦2 ≠ 0 except the origin. 

 

(ii)     Theorem can be extended for function of three variable. 

 

 

5.5 Introduction to Inverse Function Theorem 
 

Recall: For functions of single variable, suppose 𝑓: 𝐷 → ℝ, 𝐷 ⊆ ℝ open subset, is 

continuously differentiable function. Then, 
 

• If 𝑓′(𝑥0) ≠ 0 for any point 𝑥0 ∈ 𝐷, then 𝑓′(𝑥0) ≠ 0 in (𝑥0 − 𝛿, 𝑥0 + 𝛿) = 𝐼 ⊆ 𝐷 for some 𝛿 > 0. 

• In fact 𝑓′(𝑥) has the same sign of 𝑓′(𝑥0) in 𝐼. 

• If 𝑓′(𝑥) > 0 then 𝑓(𝑥) is strictly increasing in 𝐼. 

• If 𝑓′(𝑥) < 0 then 𝑓(𝑥) is strictly decreasing in 𝐼. 

• In both cases 𝑓 is one to one on 𝐼. 

 

Remark: 

Since 𝐼 is open containing  𝑥0, 𝑓(𝐼) is open containing   𝑓(𝑥0). 

Therefore the function from 𝐼 to 𝑓(𝐼) is 1-1 and onto and hence is invertible on 𝐼.  

Moreover, the inverse 𝑓−1(𝑥) is differentiable on 𝑓(𝐼) at 𝑓(𝑥0). 

Thus, If 𝑓′(𝑥0) ≠ 0 for every 𝑥0 ∈ 𝐷 then the above results hold for every points of  𝐼. 

 

Theorem If  𝑓−1: 𝑓(𝐼) ⟶ 𝐼  is continuously differentiable at  𝑓(𝑥0), then 

(𝑓−1)′𝑓(𝑥0) =
1

𝑓′(𝑥0)
. 

 

Example 5.6 Verify the above theorem for  𝑓: ℝ ⟶ ℝ  defined by  𝑓(𝑥) = sin 𝑥 and  𝑥0 = 𝜋/6. 

 

A similar result is true for functions of several variables and is known as inverse function theorem. 

 

Definition 5.1 (Inverse) 
 

A function 𝑓 with domain 𝐷 ⊆ ℝ𝑛 and range 𝐷∗ ⊆ ℝ𝑛 is said to be invertible on 𝐷 if there exist a 

function 𝑔: 𝐷∗ → 𝐷 such that  

𝑔(𝑓(𝑃)) = 𝑃,  and 

𝑓(𝑔(𝑄)) = 𝑄 

for every 𝑃 ∈ 𝐷, 𝑄 ∈ 𝐷∗ 

 

Recall that 𝑓: 𝐷 → 𝐷∗ is invertible on 𝐷 if and only if 𝑓 is 1-1 (it is already onto). Moreover, the 

function 𝑔 is uniquely determined by 𝑓 and is called inverse of 𝑓 and denoted by 𝑔(𝑥) = 𝑓−1(𝑥).  

 

Example 5.7 Let  𝐷 ⊆ ℝ2 consisting of all pairs  (𝑟, 𝜃) with 𝑟 > 0  and  0 < 𝜃 < 𝜋. Define a 

function 𝑓(𝑟, 𝜃) on 𝐷 such that 𝑓: 𝐷 → 𝐷∗ by 
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𝑓(𝑟, 𝜃) = (𝑥(𝑟, 𝜃), 𝑦(𝑟, 𝜃)) = (𝑟 cos 𝜃, 𝑟 sin 𝜃). 

Discuss the invertibility of 𝑓. 

 

Remark: 

So far by a neighborhood of a point 𝑎 ∈ ℝ𝑛, we meant an open sphere  𝑆(𝑎, 𝑟) = {𝑥 ∕ ‖𝑥 − 𝑎‖ < 𝑟} 

centered at  𝑎  and  radius 𝑟. From now onwards, if necessary, we shall regard those sets 𝑢 of ℝ𝑛 as a 

neighborhood of  𝑎  which contain an open sphere 𝑆(𝑎, 𝑟)  for a suitable  𝑟. For example, both 

{(𝑥, 𝑦) √(𝑥 − 2)2 + 𝑦2 < 𝑟⁄ = 𝑆(𝑎, 𝑟)  and  {(𝑥, 𝑦) √(𝑥 − 2)2 + 𝑦2 ≤ 𝑟⁄   are neighborhoods of a 

point 𝑎 = (2,0)  on ℝ2. 

 

Definition 5.2  (Invertible) 

Let : 𝐷 → ℝ𝑛 ;  𝐷 ⊂ ℝ𝑛 , we say that 𝑓 is locally invertible at a point 𝑃 ∈ 𝐷 if there exist a 

neighborhood 𝑁 of 𝑃 contained in 𝐷 and neighborhood 𝑁∗ of 𝑓(𝑃) such that  

(𝑖)   𝑓(𝑁) = 𝑁∗, 

(𝑖𝑖)  𝑓 is one to one on 𝑁. 

 

Example 5.8 Consider the map 𝑓(𝑥, 𝑦) = {2𝑥𝑦, 𝑥2 − 𝑦2} defined from ℝ2 to ℝ2. Show that 𝑓 is not 

invertible. Define 𝐷 = {(𝑥, 𝑦)|𝑥 > 0}. Show that 𝑓 is invertible on 𝐷 and find its inverse. 

 

 

5.6 Inverse function theorem 
 

Let 𝐹1, 𝐹2, … , 𝐹𝑛 be 𝑛 real valued functions on an open subset of ℝ𝑛. Let 𝐹 = (𝐹1, 𝐹2, … , 𝐹𝑛) be a 

function from ℝ𝑛 to ℝ𝑛 with domain 𝐷. If 𝐹 is continuously differentiable at a point 𝑃0 =

(𝑎1, 𝑎2, … , 𝑎𝑛) ∈ 𝐷 and if the Jacobian 
𝜕(𝐹1,𝐹2,…,𝐹𝑛)

𝜕(𝑥1,𝑥2,…,𝑥𝑛)
≠ 0 at 𝑃0 then the function 𝐹 is locally invertible 

at 𝑃0. Moreover the local inverse 𝐹−1 of  𝐹 is continuously differentiable at 𝐹(𝑃0). 

 

Example 5.9 Show that the function 𝑓: ℝ2 → ℝ2 defined by 𝑓(𝑥, 𝑦) = (𝑦 sin 𝑥 , 𝑥 + 𝑦 + 1) is 

locally invertible at the point (0,1). 


