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6. DIFFERENTIAL EQUATIONS 

6.1 Introduction 
 

Definition 6.1 An equation involving an independent variable, a dependent variable 
and derivatives of dependent variable with respect to the independent variable is called a 
ordinary differential equation. 
 

Some examples of ordinary differential equations: 

1.     𝑥2  (
𝑑2𝑦

𝑑𝑥2
)

4

+ 2𝑥 (
𝑑𝑦

𝑑𝑥
)

3

+ 𝑦 = 𝑥2 + 3.                      2.    
𝑑2𝑥

𝑑𝑡2
+ 𝜔2𝑥 = sin 𝑥. 

3.     𝑘
𝑑2𝑦

𝑑𝑥2
= [1 + (

𝑑𝑦

𝑑𝑥
)

2

]

3/2

.                                              4.    (𝑥2 + 𝑦2)𝑑𝑥 − 2𝑥𝑦𝑑𝑦 = 0. 

5.     
𝑑2𝑦

𝑑𝑥2
=

𝑊

𝐻
 √1 + (

𝑑𝑦

𝑑𝑥
)

2

.                                               6.   (
𝑑3𝑦

𝑑𝑥3
)

2

+ 2
𝑑2𝑦

𝑑𝑥2

𝑑𝑦

𝑑𝑥
+ 𝑥2 (

𝑑𝑦

𝑑𝑥
)

4

= 0. 

 

Definition  6.2   The order of the differential equation is the highest order of the derivatives 

that occurs in the equation. 
 

Example 6.1   Identify the dependent variables, independent variables and the order of 

each of the differential equations in the above examples. 
 

Definition 6.3    A relation which does not contain any derivatives such that this 

relation and the derivatives obtained from it is defined and satisfies the given differential 

equation is called the solution of the differential equation.  

A solution which contains a number of independent arbitrary constants equal to the order 

of the differential equation is called the general solution or complete primitive. 
 

Initial Value Problems (IVP) 
 

Initial Conditions: Initial condition(s) is a (are set of) condition(s) on the solution at one 

point on the solution space that will allow us to determine which solution that we are after. 
 

The number of initial conditions that are required for a given differential equation is the 

same as the order of the differential equation. 
 

Initial Value Problem: An initial value problem (IVP) is a differential equation along with 

an appropriate number of initial conditions. 
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6.2 Separable Equations 
 

If the given differential equation can be rewritten in the form  𝐹(𝑥)𝑑𝑥 + 𝐺(𝑦)𝑑𝑦 = 0, we 

say that variables are separable and the solution is obtained by 

∫ 𝐹(𝑥)𝑑𝑥 + ∫ 𝐺(𝑦)𝑑𝑦 = 𝐶, 

where 𝐶 is an arbitrary constant. 
 

Example 6.2 Solve each of the following equations: 

(𝑖)        2𝑥(1 + 𝑦)
𝑑𝑦

𝑑𝑥
+ (1 + 𝑥2)𝑦 = 0. 

(𝑖𝑖)      𝑥𝑦 𝑑𝑦 = (𝑦 + 1)(1 − 𝑥)𝑑𝑥 = 0. 

(𝑖𝑖)      (𝑥𝑦2 + 𝑥)𝑑𝑥 + (𝑦𝑥2 + 𝑦)𝑑𝑦 = 0. 
 

Example 6.3 Solve the following initial value problems: 

(𝑖) 
𝑑𝑦

𝑑𝑥
=

4 sin(2𝑥)

𝑦
, 𝑦(0) = 1. 

(𝑖𝑖) 
𝑑𝑦

𝑑𝑥
+ 𝑦 

(1 + 2𝑥2)

𝑥
, 𝑦(1) = 2. 

 

Example 6.4 Find the integral curve which satisfies the differential equation 

(𝑦2 + 1)𝑑𝑥 + (𝑥2 + 1)𝑑𝑦 = 0 

and passes through the origin. 
 

Example 6.5 The size of certain bacterial colony increases at a rate proportional to the size 

of the colony. Suppose the colony occupied an area of  0.25 cm2 initially, and after 8 hours 

it occupied an area of 0.35 cm2. 

(a) Estimate the size of colony  𝑡  hours after the initial measurement. 

(b) What is the expected size of the colony after 12 hours. 
 

Example 6.6 The rate at which a sample decays is proportional to the size of the sample 

at that time. The half-life of radium is 1600 years, i.e., it takes 1600 years for any quantity 

to decay in to half of its original size. If a sample contains 50g of radium, how long will it 

be until it contains 45g? 

 

6.3 Homogeneous Equations:   General form 

𝑑𝑦

𝑑𝑥
= 𝑓 (

𝑦

𝑥
). 

Substitution:   𝑦 = 𝑣𝑥.  
 

Example 6.7 Solve each of the following equations: 

(𝑖)        (𝑥2 − 3𝑦2)𝑑𝑥 + 2𝑥𝑦 𝑑𝑦 = 0.                      

(𝑖𝑖)    (1 + 𝑒
𝑥
𝑦) 𝑑𝑥 + 𝑒

𝑥
𝑦 (1 −

𝑥

𝑦
) 𝑑𝑦 = 0. 

(𝑖𝑖𝑖)    
𝑑𝑦

𝑑𝑥
+

𝑦2

𝑥2
=

𝑦

𝑥
. 
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EXERCISES 

 

1. Solve the following separable differential equations: 
 

(𝑎)    (𝑥2 + 1)
𝑑𝑦

𝑑𝑥
= 𝑥𝑦. 

(𝑏)    
𝑑𝑦

𝑑𝑥
= 𝑥(𝑦 − 1). 

(𝑐)    
𝑑𝑦

𝑑𝑥
= 2𝑥(1 − 𝑦)2. 

(𝑑)   
𝑑𝑦

𝑑𝑥
= 2𝑦 + 1. 

(𝑒)    (𝑥2 + 1)
𝑑𝑦

𝑑𝑥
= 𝑥𝑦. 

(𝑓)    
𝑑𝑦

𝑑𝑥
= 𝑒𝑥+𝑦. 

(𝑔)    
𝑑𝑦

𝑑𝑥
+ 3𝑥𝑦 − 𝑥 = 0. 

 

2. Solve the following initial value problems: 

(𝑎)    
𝑑𝑦

𝑑𝑥
= 𝑥4𝑦2;   𝑦(1) = −2.5                  (𝑏)    

𝑑𝑦

𝑑𝑥
= 𝑦2 (

1

𝑥
− 𝑥) ;   𝑦(1) = 2. 

(𝑐)    
𝑑𝑦

𝑑𝑥
=

1

𝑦2
(

2

𝑥
−

𝑥

2
) ;   𝑦(1) = 1.              (𝑑)   

𝑑𝑦

𝑑𝑥
=

𝑥2𝑦 − 4𝑦

𝑥 + 2
;   𝑦(0) = 1. 

3. The rate of change of a certain population is proportional to the square root of its size. 

Model this situation with a differential equation. If initial population is 16 and it 

doubles in 6 weeks, find the population after 20 weeks. 
 

4  The rate of change of the velocity of an object is proportional to the square of the 

velocity. Model this situation with a differential equation. Initial velocity of a motor 

cycle is  10 kmh−1  and after one seconds, it becomes  25 kmh−1. If maximum velocity 

of the motor cycle is 140 kmh−1, find the time taken to achieve it. 
 

5. The amount of a certain medicine in the bloodstream decays exponentially with a half-

life of 5 hours. In order to keep a patient safe during a one-hour procedure, there needs 

to be at least 50 mg of medicine per kg of body weight. How much medicine should 

be administered to a 60kg patient at the start of the procedure? 
 

6. A cup of coffee is initially  170℉  and is left in a room with room temperature  70℉. 

The situation is governed by Newton's law of cooling: 

𝑑𝑇

𝑑𝑡
= 𝑘(𝑇 − 𝑇env), 

where  𝑇(𝑡)  is the temperature of the coffee at time 𝑡  and  𝑇env  is the room 

temperature. Suppose that the temperature reduced by 20 degree in one minutes. 
How long does it take for the coffee to cool to 110 degrees? 

7.  The population of fish in a pond is modeled by the differential equation 

𝑑𝑃

𝑑𝑡
= 480 − 4𝑃, 

where time  𝑡  is measured in years. Towards what number does the population of 

fish tend? If there are initially 10 fish in the pond, how long does it take for the 

number of fish to reach 90% of the eventual population (population as  𝑡 → ∞?) 
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8.  Suppose it is known that the cells of a given bacterial culture divide every 3.5 hours 

(on average). If there are 500 cells in a dish to begin with, how many will there be 

after 12 hours? 

 

9. Police arrived at the scene of a murder at 12.30 a.m. They immediately take and record the 

body’s temperature, which is  90°F,  and thoroughly inspect the area. By the time they finish 

the inspection, it is 2 a.m. They again take the temperature of the body which has dropped 

to 85°F. The temperature at the crime scene has reminded steady at 80°𝐹. The temperature  

𝑇  at time  𝑡  of the body is governed by the Newton’s law of cooling:  

𝑑𝑇

𝑑𝑡
= 𝑘(𝑇𝑒𝑛𝑣 − 𝑇) 

where 𝑘 is a positive constant and  𝑇𝑒𝑛𝑣  is the temperature of the environment. Find the time 

of murder. 

 

10.  Solve the following homogeneous equations of first order: 

(𝑎)   𝑥𝑦
𝑑𝑦

𝑑𝑥
+ 4𝑥2 + 𝑦2 = 0, 

(𝑏)   (𝑥 − 𝑦)𝑑𝑥 + 𝑥𝑑𝑦 = 0, 

(𝑐)   (𝑥 − 2𝑦)𝑑𝑥 + 3𝑥𝑑𝑦 = 0, 

(𝑑)   (𝑥2 − 𝑦2)𝑑𝑥 + 2𝑥𝑦𝑑𝑦 = 0, 

(𝑒)   [𝑥 sin (
𝑦

𝑥
) − 𝑦 cos (

𝑦

𝑥
)] 𝑑𝑥 + 𝑥 cos (

𝑦

𝑥
) 𝑑𝑦 = 0, Hint:  ∫ tan 𝑧 𝑑𝑧 = − ln|cos 𝑧| + 𝐶 

 

11.  Solve the initial value problem 

2(𝑥 + 2𝑦)𝑑𝑥 + (𝑦 − 𝑥)𝑑𝑦 = 0, 𝑦(1) = 0. 

 

12.  Solve the initial value problem 

𝑑𝑦

𝑑𝑥
−

𝑦

𝑥
= 𝑒

𝑦
𝑥 , 𝑦(1) = 0. 

 

 


